ABSTRACT This paper presents a complete quasi-3-D analytical model combining the solution of Maxwell's equations and the magnetic equivalent circuit for the determination of no-load magnetic field distributions of slotted axial flux permanent magnet machines (AFPMMs) considering the end effect without using 3-D finite element method (FEM). The effect of end effect on the air gap magnetic field distributions along the radial direction of AFPMMs is considered by introducing the end function. Moreover, based on the proposed analytical model, the method of adjusting the pole-arc ratio along the radial direction is adopted to solve the local saturation problem of the stator teeth at the inner radius when adopting the parallel slot structure. The relationship between the inner pole-arc ratio and the outer pole-arc ratio is obtained when the tooth flux densities are consistent along the radial direction. Finally, taking two AFPMM prototypes as examples, the analytical calculation results, 3-D FEM analyses and experiment results are compared to validate the accuracy of the analytical model.
I. INTRODUCTION
Compared with radial flux machines, axial flux permanent magnet machines (AFPMMs) get much attention due to the advantages of high torque density and compact structure [1] , and are especially suitable for applications in direct drive wind turbines [2] , flywheel energy storage systems, electric and hybrid vehicles [3] , and other applications requiring high space limitation.
Accurate calculation of air gap magnetic field distribution is crucial to the analysis of AFPMMs performance. At present, the calculation methods for the air gap magnetic field mainly include analytical methods and finite element method (FEM). With the aid of the 3-D finite element simulation software, the influence of nonlinear materials and the geometric details of the machine can be considered, and the magnetic field distribution can be accurately calculated. However, 3-D FEM needs much calculation time and the powerful hardware resource, so it is not the ideal method to analyze the motor during the initial stage of motor design [4] . Therefore, it is necessary to establish an analytical model for determining the magnetic field rapidly and accurately.
A quasi 3-D transient nonlinear MEC model for AFPMMs is presented in [5] . The model can take into account not only the local magnetic saturation but also the transient 3-D flux distribution. However, the accuracy of the air gap flux density and the electromagnetic torque depends on the number of coupled variable permeance elements in the air gap. The distribution of air gap magnetic field can be calculated accurately by the analytical method expressed in the form of Fourier series, which can be used to calculate the machine performance accurately [6] . Many scholars have proposed several analytical models for the calculation of noload magnetic field of AFPMMs by setting up boundary conditions and solving the Maxwell equations [4] , [7] - [14] . In [9] and [10] , the 2D analytical model at the average radius is adopted to analyze the magnetic field of AFPMMs by considering the uniform distribution of magnetic field along the radial direction. However, the proportion of the teeth and the permanent magnets (PMs) in the circumferential direction of AFPMMs usually varies along the radial direction. In [14] , the AFPMMs are divided into several equal length parts along the radial direction, and the parameters at the average radius of each part are calculated respectively. Thus, the computational accuracy is improved to a certain extent. In [4] , the stator teeth of AFPMMs are replaced by some surface currents at the border of the removed stator teeth to consider slotting effect.
For small AFPMMs, the distance between the inner radius and the outer radius of the stator core is relatively small. Because of the relatively large air gap length of the AFPMMs, the leakage flux is great near the inner radius and the outer radius of the machine, and the performance of the machine is seriously affected by the end effect. In [15] , an analytical model of AFPMMs with semi-closed slots is proposed without the end effect. In [16] , the back EMF of AFPMMs with rotor angular and axis misalignment is analyzed, but the end effect on EMF is neglected. In [17] and [18] , the end effect of radial flux PM machines and AFPMMs is studied by using FEM. The results show that the no-load back EMF, torque and other performances are affected by the end effect in different degree. In [19] , the influence of end effect is considered by dividing the machine into a few sub-domains and setting up a series of 3-D boundary conditions, and the calculation accuracy is improved. However, the formulas are very complex, and contain high order Cramer equations because of too many subdomains. In [20] , a 2-D analytical model is established along the radial direction of AFPMMs to obtain end effect based on the subdomain method. In [21] and [22] , an end function varying along the radial direction of AFPMMs is adopted to consider the influence of end effect, but the parameters in the formula still need to be calculated by 3-D FEM. In fact, the end effect of AFPMMs will be affected by the length of the air gap, the magnetization direction length and the radial length of the PMs, and the computation time will be greatly increased in the early stage of the machine design by using the 3-D FEM. Therefore, it is necessary to adopt a complete analytical model without using 3-D FEM in the initial stage of the machine design.
In this paper, a complete analytical model combining the solution of Maxwell's equations and the magnetic equivalent circuit (MEC) for the calculation of no-load magnetic field of slotted AFPMMs is established. This paper is divided into 4 parts as follows: in section II, the configuration of the AFPMM is provided, and the corresponding quasi 3-D model of the AFPMM is given. In section III, the distribution of no-load air gap flux density is calculated considering the influence of slotting effect and end effect by the MEC method, and the local saturation of the stator teeth at the inner radius of the AFPMMs is analyzed. The relationship between the pole-arc ratios at inner radius and outer radius is obtained when the tooth flux densities are consistent along the radial direction. In section IV, the comparisons between the analytical calculation results and the FEM calculation results in different cases are given, and the analytical calculation results of the back EMF are verified by the corresponding results obtained from FEM and experiments. Fig. 1 shows the configuration of the two AFPMMs studied in this paper. Each machine consists of two stators and an intermediate rotor, and the stator cores are made of amorphous alloy material, and the rotor spider is made of nonmagnetic stainless steel. Fractional-slot concentrated windings are adopted in order to reduce the extension length of the end winding and copper loss. The specific parameters of the two AFPMM prototypes are given in Table 1 . Because the configuration of the AFPMM shares similarity in the radial direction, the 3-D model is divided into a certain number of layers along the radial direction. Each layer of the 3-D motor can be regarded as a linear motor which can be simplified as a 2-D model as shown in Fig. 2 when the number of layers is sufficient enough.
II. PROTOTYPE STRUCTURE AND ANALYTICAL MODEL
For convenience, the Cartesian coordinate system is chosen as shown in Fig. 2 . The variables x and y denote the distance in the circumferential direction and axial direction, respectively. The parameters of the machines, such as the slot pitch and the pole pitch, changing with the radius r are taken into consideration in the model, and the magnetic flux density of any point in the 3-D model of the AFPMMs can be calculated according to its coordinates (x, y, r). Region 1 represents the air gap area and Region 2 represents the PM area.
III. COMPLETE ANALYTICAL MODEL OF NO-LOAD MAGNETIC FIELD
For the calculation convenience, an ideal slotless analytical model is firstly established without considering the end effect, and the no-load air gap magnetic field distribution is obtained in this condition. Then, a relative air-gap permeance function and an end function based on the MEC method are adopted to correct the above analytical model in order to calculate the 3-D distribution of no-load magnetic field accurately.
A. SLOTLESS MODEL
The assumptions for simplifying the model are made as follows:
1) The magnetic saturation of the stator core is ignored. The PM is magnetized along the axial direction, and the recoil permeability of PM is fixed. 2) The relative permeance coefficient is introduced to consider the stator slotting effect.
3) The permeability of the stainless steel rotor spider is the same as that of the PM. 4) Eddy current effects which have little influence on the calculation are neglected. The demagnetization characteristic curve of NdFeB or ferrite magnets is regarded as linearity, so the magnetic flux densities in the air gap and the PM are respectively expressed as [7] :
where, H 1 is the magnetic field strength at the air gap, H 2 is the magnetic field strength of the PM, µ 0 is the vacuum permeability, µ r is the relative permeability of the PM, M is the magnetization intensity of the PM. Referring to Fig. 3 , the axial component of the magnetization can be expressed by a Fourier series which consists of cosine terms where
where α p is the PM pole-arc ratio, τ p is the pole pitch.
In the rectangular coordinate with the variables x and y, the scalar magnetic potentials ϕ in the air gap and the magnet regions satisfy Laplace's equation as follows.
The magnetic field strength are given by
If the magnetization distributes as shown in Fig. 3 , the general solutions of formula (4) in the air gap (region 1) and the magnets (region 2) are written as
The boundary conditions of the analytical model are
Formulas (6) and (7) can be solved based on the boundary conditions shown in (8) and (9) . The circumferential and axial air gap flux density components in the region 1 are given by [6] 
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where
B. EFFECT OF SLOTTING
The Carter coefficient K c , is used to correct flux per pole influenced by the slotting effect. The air gap length g is replaced by the equivalent air gap length g e to calculate the no load magnetic field.
where g' is the effective air gap which can be expressed as g'=g + h m /(2µ r ). And the Carter coefficient K c is calculated by
where τ t is the slot pith, and b 0 is the slot opening width.
Although Carter coefficient can consider the variation in flux per pole, it cannot be applied to accurately calculate the distribution of the air gap magnetic field of slotted AFPMMs. In order to obtain the distribution of air gap flux density more accurately, this paper analyzes the MEC of the slot opening area to obtain the slot relative permeance function by taking an open slot AFPMM as an example. Permeance changes at the slot opening lead to the changes of air gap flux density. The relative air gap permeance function K slot (the ratio of slotted air gap permeance λ slot to slotless air gap permeance λ 0 ) is adopted to correct the slotted air gap flux density.
In [23] and [24] , the permeance at the slot opening of surface-mounted PM machines is solved when considering only the adjacent slot edge of magnetic circuit. The flux path on both sides of the slot is considered in this paper as shown in Fig.4 , and the MEC is established in Fig.5 to calculate the air gap permeance in the slot area. The paths of flux in the air gap can be regarded as paralleled lines, and the paths of flux in the slots can be regarded as a quarter of a circle [23] as shown in Fig. 4 . In this situation, the length of the air gap is not a constant but a function that varies with the position of the stator.
The permeability difference between the magnets and the air gap is small. For slotless AFPMMs, the MEC model is shown in Fig. 5 (a) . For AFPMMs with slots, the slotting effect is considered in the MEC model as shown in Fig. 5(b) by considering the reluctances in the slots. The permeance of slotted motors λ slot and the permeance of motors without slot λ 0 are respectively represented as
where R g is air gap reluctance, R m is PM reluctance, R sl and R sr are slot reluctances, respectively, and r s is the radius of the arc flux path in the slot. The slot relative permeance function is the ratio of λ slot to λ 0
where, m = 0, 1, 2, 3 . . .
The results of air gap flux density calculated by the previous method [17] , [18] Compared with the previous work, the air gap flux density corresponding to the slot opening area is a little bit higher, especially in the position of the air gap corresponding to the center of the slot opening. This is due to the fact that the two parallel permeances in the slot area is larger than only one 59560 VOLUME 6, 2018 permeance. Therefore, the air gap flux per pole and the no load back EMF obtained by the proposed model are a little higher than that obtained by the previous model.
C. END EFFECT
In order to obtain the end effect of AFPMMs accurately and quickly, the variation of air gap flux density along the radial direction is calculated by end function K end based on the analysis of inner and outer end leakage flux paths. The end leakage analysis model is given in Fig.7(b) when cutting the machine with RoY plane through the circumferential center of a PM as shown in Fig. 7(a) . The main flux path of the machine is shown in Fig. 8 . In Fig. 7(b) , the point A (r, h m /2) and the Point C (r, −h m /2) are located on the upper and lower surfaces of the PM, respectively, and are symmetrical along the R axis. The point B is located on the inner surface of the stator core. According to the radial position of point A in the RoY coordinate and the length of the air gap, the end leakage MEC is divided into two cases:
Case 1: When r-R i ≤ g or R o -r ≤ g, the end leakage flux e passes through the point A, the end region, and the point C as shown in Fig. 7(b) . The main flux g passes through the point A, the air gap, and the point D as shown in Fig. 8 . The analytical model in Section III-A takes into account the magnetic field distribution in the XoY plane, thus, the flux leakage in the XoY plane is considered in the above model. In order to take the end effect into account, a method combining the above analytical model and the MEC of the flux leakage at the radial edges is adopted, and an end reluctance which varies along the radial direction is used to consider the end leakage. The end leakage MEC is shown in Fig. 9(a) , where R g is the airgap reluctance, R e is the end leakage reluctance, a is the flux source calculated according to formula (11) in Section III-A, s is the main flux, and e is the end leakage flux. The main magnetic circuit permeance λ main1 and the end leakage permeance λ σ 1 are represented as Case 2: When r-R i > g or R o -r<g, the flux leakage passes through the point A, the air gap, the stator and the end region. The end leakage MEC is shown in Fig. 9(b) , the main magnetic circuit permeance λ main2 and the end leakage permeance λ σ 2 is expressed as
Considering the flux leakage at the inner and outer ends of the PMs of the machine, the main flux s is
The end function K end is adopted to correct the air gap flux density influenced by the end effect. K end is obtained by the ratio of the main flux to the total flux. The flux density considering the end effect is obtained by K end
The end leakage coefficient K e can be obtained by
To consider the relation between the end effect with axial length (h m ) and the air gap length (g), taking the machine A as an example, the end leakage coefficient under different airgap length is obtained in Fig. 10 when the ratio of h m to g remains constant. As can be seen from Fig. 10 , the leakage flux at the radial ends increases with the increase of the airgap length. 
D. LOCAL SATURATION ON TEETH
The fan-shaped PM rotor of the AFPMM is shown in Fig 11 (a) . Because of the parallel slot structure, the stator slot width is constant along the radial direction and the ratio of the tooth width to the tooth pitch of the machine with the fanshaped PM structure changes along the radial direction. The flux density of teeth at inner radius is higher than that at outer radius, so the stator teeth at inner radius are more likely to be saturated. In order to improve the utilization rate of materials, it is essential to reduce the degree of local saturation of the teeth. In order to suppress uneven distribution of the stator teeth flux density along the radial direction due to the local saturation, this paper proposes a method that can achieve the uniform distribution of the tooth flux density along the radial direction by adjusting the inner and outer PM pole arc ratio α i to α o . As shown in Fig. 11 (b) , the polar arc ratio α(r) of the AFPMM at the radius r is expressed as
Based on the tooth flux density at the outer radius, the relationship between the tooth flux density and r can be expressed as
By(x, R o )dx (28) where, G(r) is a function to consider the variation of tooth flux density along the radial direction as follows
Formulas (28) and (29) show that the tooth flux density at radius r is related to the pole arc ratio, the radial position and the slot width. When the radius r increases, the tooth width b t increases correspondingly. The variation of the pole arc ratio and slot width influences the tooth flux density. The ratio of the tooth flux density at the inner radius to that at the outer radius is
For purpose of obtaining the same tooth flux density along the radial direction, according to formula (29), the ratio of α i to α o can be expressed as
In the condition that the flux per pole is constant for the two PM configurations shown in Fig. 11 , the surface areas of each PM pole for the fan-shaped PM (S 1 ) and triangular skew PM (S 2 ) are equal, and they can be expressed as
Taking the machine A as an example, when the tooth flux density at the inner radius is equal to that at the outer radius, the ratio of α i to α o is calculated to be 0.78 according to formula (31). In order to keep the PM area constant, the value of α o of the triangular skew magnet can be obtained by solving formulas (32) and (33), and it must be larger than α p of the fan-shaped magnet. The tooth flux density calculation results of the fan-shaped magnet machine and the triangular skew magnet machine are shown in Fig.12 . It can be seen that the tooth flux density at the inner radius is higher than that at the outer radius by 0.175T for the fan-shaped magnet machine without considering the end effect. The tooth flux density is almost constant along the radial direction when α i = 0.78α o for the triangular skew magnet machine. Compared with the fan-shaped PM structure, the triangular skew magnet structure can keep the same tooth flux density along the radial direction avoiding sharp changes of the soft magnetic material permeability in the saturation regions.
For the machine with fan-shaped un-skewed magnet structure, the increase of the ratio of R o to R i will decrease the ratio of b t to τ s at the inner radius, and intensify the local saturation of the stator teeth at the inner radius. The method of changing pole arc ratio is adopted to avoid the local saturation of the teeth and improve the utilization rate of the core material for AFPMMs.
IV. FINITE ELEMENT AND EXPERIMENTAL VERIFICATION A. NO-LOAD AIRGAP FLUX DENSITY
The feasibility of the proposed analytical model is validated by comparing the analytical calculation results with the 3-D FEM calculation results. The slotless air gap flux density B y1 is corrected by air gap permeance function K slot and end function K end , and the no-load air gap flux density considering both the slotting effect and the end effect is determined as follows
Two AFPMM prototypes with fan-shaped PMs and parallel slots are taken as examples to validate the analytical model. The axial flux densities at the center of the air gap (y = h m /2 + g/2) of the two prototypes obtained by both the analytical method and the FEM are shown in Fig.13 . According to the comparison in Fig. 13 , the effect of slot opening at outer radius is smaller due to the fact that the ratio of b 0 to τ s at outer radius is less than that at inner radius.
To study the influence of end effect, the air gap flux density along the radial direction of the machine according to Fig. 7 is shown in Fig.14 the proposed analytical method. The end function can be used to consider the influence of end effect of AFPMMs effectively.
In order to meet different design requirements, the no-load magnetic field of AFPMMs with different PM structures such as the variable pole arc ratio along the radial direction is considered. The air gap flux density distributions with α i = 0 and α i = 0.75α o at r = 70mm and r = 90mm are shown in Fig.15 . With the decrease of the ratio of α i to α o , the air gap flux density at the inner radius is significantly less than that at the outer radius.
The 3-D no-load air gap flux density distributions along the radial direction obtained by the analytical model and FEM are shown in Fig. 16 and Fig. 17 , respectively. The proposed analytical model can consider the slotting effect and the end effect effectively. 
B. NO-LOAD BACK EMF
The phase back EMF of AFPMMs are expressed as [15] and [25] 
The phase flux-linkage can be calculated according to the formula (36) combining the axial flux density distribution accommodated on the stator surface. K dn = sin nα y 2 (37)
where, N s is the series turns per phase, K dn is the winding factor, K son is the slot opening factor, and α y is the coil pitch electric angle. Taking the dimensions of the machine A as an example, the no-load back EMF waveforms are obtained in Fig.18 by changing the outer radius of the machine A. As can be seen from Fig. 18 , when the outer radiusR o increases from 70mm to 100mm, the back EMF per flux area increases by 21.73%. Therefore, the no-load back EMF of AFPMMs is greatly affected by the end effect. The no-load back EMF of the prototype A and prototype B at 1000rpm are tested, and the test platform and test results are shown in Fig. 19 and Fig. 20 , respectively. Both the analytical method and the 3-D FEM are adopted to calculate the no-load back EMF of the two AFPMM prototypes, and the comparison of results is shown in Fig. 21. From Fig. 21 , the analytical calculation results, FEM calculation results and test results coincides well. The results show that the proposed analytical model has a high accuracy, and it is feasible to calculate the no-load back EMF of slotted AFPMMs.
V. CONCLUSION
This paper presents a complete quasi-3-D analytical model combining the solution of Maxwell's equations and the MEC which calculates the no-load magnetic field distributions of slotted AFPMMs considering the end effect. The 3-D magnetic field distributions in the air-gap of AFPMMs can be calculated rapidly and accurately considering the slotting effect and the end effect of radial edges without using 3-D FEM with the help of the analytical model, and the method that adjusting the pole-arc ratio along the radial direction (triangular skew method) is adopted to solve the local saturation of the stator teeth at the inner radius due to the parallel slot structure. The proposed model can also be extended to other types of AFPMMs. After comparing results from 3-D FEM and experimental analysis of two AFPMM prototypes, the accuracy and feasible of the analytical model are verified.
